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In this work, a Langevin dynamics model of the diffusion of water in articular cartilage was devel-
oped. Numerical simulations of the translational dynamics of water molecules and their interaction
with collagen fibers were used to study the quantitative relationship between the organisation of
the collagen fiber network and the diffusion tensor of water in model cartilage. Langevin dynamics
was used to simulate water diffusion in both ordered and partially disordered cartilage models. In
addition, an analytical approach was developed to estimate the diffusion tensor for a network com-
prising a given distribution of fiber orientations. The key findings are: (1) an approximately linear
relationship was observed between collagen volume fraction and the fractional anisotropy of the
diffusion tensor in fiber networks of a given degree of alignment, (2) for any given fiber volume frac-
tion, fractional anisotropy follows a fiber alignment dependency similar to the square of the second
Legendre polynomial of cos(θ), with the minimum anisotropy occurring at approximately the magic
angle (θMA), (3) a decrease in the principal eigenvalue and an increase in the transverse eigenvalues
is observed as the fiber orientation angle, θ, progresses from 0◦ to 90◦. The corresponding diffusion
ellipsoids are prolate for θ < θMA, spherical for θ ≈ θMA, and oblate for θ > θMA. Expansion of the
model to include discrimination between the combined effects of alignment disorder and collagen
fiber volume fraction on the diffusion tensor is discussed.
I. INTRODUCTION
Diffusion tensor imaging (DTI) enjoys success as a non-
invasive imaging technique for both medical research and
clinical diagnostics by enabling in vivo investigations of
biological tissue organisation and microstructure [1–5].
DTI measurements are performed by applying magnetic
field gradients in several independent directions to ac-
quire a series of diffusion weighted images, with each im-
age providing information about the diffusivity along the
respective direction. The resulting images are combined
and processed to produce maps of the diffusion tensor.
The eigenvalues and eigenvectors of the diffusion ten-
sor describe the magnitude and principal directions of
diffusivity, and the tensor can be visualised as a diffu-
sion ellipsoid [6]. Interpretation of DTI measurements is
based on the assumption that the characteristics of the
diffusion ellipsoid reflect the macromolecular or cellular
environment of the diffusing water molecules [7].
DTI is ideally suited to investigating the collagen fiber
organisation of articular cartilage (AC). AC is the load-
bearing, low-friction and wear-resistant tissue covering
the ends of the long bones inside synovial joints in mam-
mals [8]. The main extracellular components of articu-
lar cartilage are water ( 65% − 80% ), type II collagen
(15 − 20%) and proteoglycans (5 − 10%) [9]. The colla-
gen fibers of AC are based on a triple helix of polypep-
tide chains. These are assembled into long fibrils, which
are further wound into larger fibers [10]. These fibers
are cross-linked into a matrix network, with different
amounts of ordering throughout the tissue. The organ-
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isation of these networks is often described in terms of
different zones based on their predominant alignment as
shown in Fig. 1 [11]. In the superficial zone the fibers are
predominantly aligned parallel to the articular surface; in
the radial zone the fibers are predominantly aligned per-
pendicular to the bone surface; and in the transitional
zone the fibers have no preferred alignment.
Present knowledge about the relationship between the
diffusion tensor and tissue morphology has been devel-
oped through the use of DTI experiments on indepen-
dently characterised models and tissues [4, 12–14], the-
oretical analysis of diffusion in anisotropic structures
[7, 15, 16], and computer models that simulate the trans-
lational diffusion of tracer molecules in model structures
[17–21]. In practice, interpretation of the diffusion tensor
with respect to AC microstructure is currently limited
to determining the predominant direction of the fibers
and qualitative indicators of the degree of alignment [22].
Quantitative determination of the degree of alignment
and fiber volume fraction is difficult because of the inter-
play between these two factors in determining the diffu-
sion tensor.
In this study, we investigated water diffusion in par-
tially aligned model collagen fiber networks. This
was done using Langevin dynamics (LD) simulations
of molecular diffusion of water restricted by collagen
fibers as described in the Appendix. LD models molec-
ular interactions on the picosecond temporal scale and
Angstrom spatial scale. This spatial scale is significantly
smaller than that of the fibre networks. Invoking the sep-
aration of scales between pairwise molecular interactions
and diffusional motion, a less computationally expensive
Monte Carlo approach could have been used for DT sim-
ulations. However, Langevin dynamics was chosen be-
2FIG. 1. (left) Schematic illustration of the typical distribution
of collagen fiber orientations in the superficial, transitional
and radial zones of articular cartilage. The articular surface
is indicated by the bold square at the top of the superficial
zone. (centre) Schematic illustration of the fiber orientations
of the model collagen networks developed in the present study
for θ = 90◦, 0◦ < θ < 90◦, and θ = 0◦. (right) Diagrams of the
diffusion ellipsoids for each of the three AC zones: an oblate
ellipsoid for the superficial zone, spherical for the transitional
zone, and a prolate ellipsoid for the radial zone.
cause the long-term aim of this work was the develop-
ment of coarse-grained simulations of the anisotropy of
1H transverse spin relaxation rate (1/T2) [23]. The lat-
ter phenomenon is controlled by slow rotational dynamics
of water molecules and therefore requires simulations in-
volving both long time scales and molecular detail. In
the present work, LD simulations were used to obtain
the water diffusion tensors for a range of fiber alignment
angles and fiber volume fractions. The simulation results
were used to produce quantitative relationships between
the diffusion tensor, the degree of structural disorder,
and the collagen volume fraction. Additionally, a sim-
plified analytical model was developed to allow efficient
estimation of the diffusion tensor for a given distribution
of fiber alignments. We discuss the feasibility of using
DTI measurements on their own and in conjunction with
spin-relaxation mapping for determination of fiber align-
ment and collagen volume fraction in articular cartilage.
FIG. 2. (Color online) The sample trajectory of a single water
molecule undergoing an interaction event with a model colla-
gen fiber. The motion of the water molecule was calculated
using the Langevin equation, Eq. (A.1). The outer edge of the
fiber is located at x = 0 and runs parallel to the z-axis. The
water/ fiber potential took the form of a Lennard-Jones-like
potential; rmin is the location of the potential minimum. The
water/fiber interaction force is applied to the water molecule
in a direction normal to the fiber axis.
II. METHODS
A Langevin dynamics model of hydrated collagen fibers
was used to compute the translational dynamics of wa-
ter molecules. The software was written in-house; the
details of LD simulations are provided in the Appendix.
The force applied to each water molecule was calculated
in each time step as the sum of a stochastic force (rep-
resenting water-water interactions), a conservative force
(water-fiber interactions) and a hydrodynamic friction
force. This approach models water-fiber interactions on
the molecular scale and is sufficiently computationally ef-
ficient to enable simulations in the limit of long diffusion
time (∆).
The collagen fibers were represented as smooth-walled
cylinders. Each cylinder was defined by a vector rep-
resenting its central axis and a value defining its ra-
dius. The course-grained water-fibre interaction poten-
tial was obtained as described in the Appendix. The
interaction force (Fc) between a given water molecule
and any nearby fiber was directed normal to the fiber
axis. To optimise processing time, a cut-off distance
of 2.5σ was used between the water molecule and the
fiber wall (see Fig. 2). At this distance, the residual
value of Fc ≈ 4 × 10−13N , leading to a displacement of
∆rc(r) ≈ 3× 10−14m at ∆t = 0.2ps.
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FIG. 3. The effect of alignment disorder on fiber volume frac-
tion for a given fiber radius. The decrease in fiber volume
fraction with increasing θ is an artefact of fiber network con-
struction.
A. Model collagen networks
The simulation volume was defined as a rectangular
parallelepiped encompassing the model collagen fibers
with tracer water molecules diffusing in the interstitial
volume. The direction of preferred fiber alignment was
taken as the z axis and referred to as the longitudinal
direction. The transverse plane was defined as the x,y
plane.
In each simulation volume, 64 model collagen fibers
were aligned parallel to the z-axis and arranged into
a square array across the x,y plane with a spacing of
180nm. For the partially aligned networks, the fibers
were rotated by the desired angle. In order to maintain
axial symmetry, the fibers were treated in groups of 4,
with the fibers in each group rotated about the +x, +y,
−x and −y axis respectively (see Fig. 1). The rota-
tion centre of each fiber was shifted along the z-axis by
a randomly chosen integer multiple of 180nm in order to
prevent the fibers rotated at 90◦ from occupying only one
plane.
In total, 46 different fiber networks were constructed.
Ten networks with identical fibre alignment were gen-
erated using fiber radii of 30nm, 35nm, 40nm, 45nm,
50nm, 55nm, 60nm, 65nm, 70nm, and 80nm. For
each of the partially aligned fiber networks, the radii
were 40nm, 50nm, 55nm, 60nm, 70nm, and 80nm.
The fiber rotation angles, θ, chosen for the partially
aligned networks were 22.5◦, 33.75◦, 45◦, magic angle
(arccos(1/
√
3) ≈ 54.7◦), 67.5◦, and 90◦.
The actual fiber volume fractions corresponding to
each simulation structure are shown in Fig. 3. These
were calculated by sampling a 3d array of points through-
out each simulation volume and determining the ratio of
the number of points within the fibers to the total number
of points. These plots show that for a given fiber radius,
the fiber volume fraction, φ, decreases as the fiber ro-
tation angle is increased. Additionally, the fiber volume
fraction for the θ = 90◦ structures is 52.7 ± 0.2% of the
volume fraction for the aligned case for all fiber radii.
This can be explained as an artefact of the network con-
struction method.
B. Simulation parameters
At the initialisation of each simulation, the required
number of water molecules were randomly placed in
the interstitial volume. An implementation of periodic
boundary conditions was used whereby water molecules
stepping outside the volume boundary were translated
to a random location within the interstitial volume. The
displacements effected by such boundary crossings were
subtracted from the final simulation displacements in or-
der to correctly calculate the net displacement for each
water molecule.
The optimal integration time step, ∆t, was chosen to
be larger than the VACT of water (to satisfy Eq. (A.2)),
yet small enough to enable the diffusing water molecules
to sufficiently sample the water/fiber interaction poten-
tial. It was found that ∆t > 0.2ps produced unrealistic
translational behaviour of the water molecule during in-
teractions with the coarse-grained model fibers. Conse-
quently, ∆t = 0.2ps was chosen as the integration step
time.
The total simulation duration, ∆ = 0.1ms, was chosen
for all aligned networks and partially aligned networks
with fibers of radius 50nm. ∆ = 0.05ms was chosen
for the remaining networks. This resulted in RMS dis-
placements of between 480nm and 680nm, which were
larger than the average fiber spacing of 180nm (see sec-
tion IV C). This ensures the simulated diffusion tensors
are well within the long-∆ regime as discussed in Section
IV C.
The LD simulation software was written in c++ and
run on a 1316 CPU core SGI Altix supercomputer. The
simulations were optimised for parallel processing on this
system. Each fibre network simulation typically used be-
tween 100-400 cores simultaneously and took approxi-
mately 10 hours.
C. Diffusion tensor
The net displacements of the tracer water molecules
at the end of each simulation were used to compute the
diffusion tensor according to the established methodology
[17, 24]:
Dij =
1
2Ns∆tN
Np∑
n=1
(
riNs,n − rio,n
) (
rjNs,n − rjo,n
)
(1)
where the indices i and j refer to the axes x, y and
z; Ns∆t = ∆ is the duration of the simulation; ro,n is
the initial position of molecule n; and rNs,n is the final
4position of molecule n after the boundary condition dis-
placements have been subtracted. The DT given by Eq.
(1) is equivalent to that reconstructed in diffusion ten-
sor imaging from multiple directional measurements of
diffusion attenuation (see Eq. (15.23) in Ref [22]). An
in-depth discussion of the relationship between simulated
and experimentally measured DT can be found in the lit-
erature [17, 22]. It should be noted that the aim of the
present study was not to simulate the DTI experiment.
Rather, it was to sample the asymptotic long-∆ diffusion
tensor. The simulation diffusion time ∆ (0.05 − 0.1ms)
was significantly shorter than what is typically used in
the DTI experiment (5 − 50ms). But as discussed in
Section IV C, the simulated ∆ values correspond to the
long-∆ regime, making the simulated DT given by Eq.
(1) directly comparable to the results of DTI measure-
ments.
The resulting diffusion tensors were diagonalised to de-
termine their eigenvalues and eigenvectors. As axially
symmetric rotations were used to construct the partially
aligned fiber networks, the eigenvalue sorting problem
was solved by defining the unique eigenvalue (longitudi-
nal diffusivity, Dl) as the eigenvalue corresponding to the
eigenvector closest aligned with the z-axis of the simula-
tion volume.
Diffusion in fibrous tissue is often described using a
scalar measure, fractional anisotropy (λFA) [25]. It can
be considered as the degree of deviation of the diffusion
tensor from the isotropic case. It is normalised to the
modulus of the diffusion tensor, and is given by:
λFA =
√
3
2
·
√
(λ1 − λav)2 + (λ2 − λav)2 + (λ3 − λav)2
λ21 + λ
2
2 + λ
2
3
(2)
where λ1, λ2, and λ3 are the eigenvalues of the diffusion
tensor (DT) and λav =
1
3 (λ1 + λ2 + λ3) is the average
diffusivity.
III. RESULTS
A. DT eigenvalues
Isotropic diffusion simulations were run in the absence
of collagen fibers to observe the effect of ensemble size
on the diffusion tensor. A simulation of 5000 molecules
undergoing isotropic diffusion for 1 × 106 steps resulted
in a diffusivity of 〈D〉 = (2.30 ± 0.01) × 10−9m2s−1,
and λFA = 0.061 ± 0.005. Increasing the ensemble size
to 20000 molecules reduced the fractional anisotropy to
λFA = 0.033± 0.003.
The diffusion tensor corresponding to each of the
model cartilage simulations was calculated using the net
molecular displacements in accordance with Eq. (1). As
discussed previously, the unique eigenvalue was chosen
as the eigenvalue corresponding to the eigenvector clos-
est aligned to the z-axis and represented the longitudi-
FIG. 4. (Color online) (a) Normalised longitudinal diffusiv-
ity, Dl/Do, for LD simulations of water diffusion in model
collagen networks as a function of both the fiber volume frac-
tion, φ, and fiber orientation angle, θ. The surface represents
the values of the least-squares fit shown in Eq. (3). In the
present study, Do = 2.3 × 10−9m2s−1 was used. (b) Nor-
malised transverse diffusivity, Dt/Do, obtained from the LD
simulations as a function of both the fiber volume fraction, φ,
and fiber rotation angle, θ. The surface represents the values
of the least-squares fit shown in Eq. (4).
nal diffusivity, Dl. The average of the remaining two
eigenvalues was taken as the diffusivity in the transverse
plane, Dt. The normalised longitudinal diffusivity for
each of the simulations is shown in Fig. 4(a) as a func-
tion of both the fiber volume fraction, φ, and fiber rota-
tion angle, θ. The isotropic diffusion coefficient of water
of Do = 2.3 × 10−9m2s−1 was used. A least squares fit
(LSF) was performed on this data resulting in the equa-
tion:
Dl(φ, θ)
Do
= −0.46 φ θ + 0.962 (3)
Fig. 4(b) shows the normalised transverse diffusivity,
Dt/Do, as a function of both fiber volume fraction, φ,
and fiber rotation angle, θ. As with the longitudinal
diffusivity, a LSF was performed on the simulation results
producing the following equation:
5TABLE I. Coefficients of the spherical-harmonics expansion
of the simulated fractional anisotropy, λFA(θ, φ) (Fig. 7).
Re(Y ml ) Coefficient
Y 00 0.034
Y 00 φ −7.578
Y 01 φ 9.696
Y 11 φ 9.627
Y 02 φ −3.429
Y 12 φ −3.982
Y 22 φ −6.187
Dt(φ, θ)
Do
= 0.20 φ θ − 0.61 φ+ 0.950 (4)
Fig. 5(a) shows the simulated values of Dl/Do and
Dt/Do for the aligned fiber networks (θ = 0). The lines
shown are the corresponding cross-sections of the LSF
surfaces (Eqs. (3) and (4)) and are not simply one-
dimensional linear fits. This plot shows that for aligned
fibers, Dl/Do is invariant to the fiber volume fraction, φ.
Also, at all values of φ the simulated Dl/Do was greater
than Dt/Do, describing a prolate diffusion ellipsoid.
The results shown in Fig. 5(b) are for the networks
with fibers oriented at the magic angle. Here, the values
of the LSF functions that correspond to both Dl/Do and
Dt/Do appear approximately the same for all fiber vol-
ume fractions, φ, indicating an approximately spherical
diffusion ellipsoid.
Fig. 5(c) shows the diffusion tensor eigenvalues for
the fiber networks with the fibers oriented at 90◦. This
plot shows both Dl/Do and Dt/Do are affected by fiber
volume fraction unlike the identically aligned case. Also,
Dl/Do < Dt/Do for this set of networks, indicating an
oblate diffusion ellipsoid.
The interpolated values of Dl/Do and Dt/Do for net-
works with fiber volume fractions of 0.1, 0.2, and 0.3
are shown in Fig. 6. The average diffusivity (〈D〉 =
1
3 (Dl + 2Dt)) is also shown, and is approximately inde-
pendent of θ for a given φ.
B. Fractional Anisotropy
The diffusion tensor eigenvalues reported in section
III A were used to compute the fractional anisotropy of
the DT (λFA) using Eq. (2). A plot of λFA as a function
of both fiber volume fraction and fiber rotation angle is
shown in Fig. 7. Also shown is the LSF surface result-
ing from the expansion of λFA(θ, φ) by the real spherical
harmonics up to Re(Y 22 ) [26]. The coefficients of the ex-
pansion are shown in Table I.
Fig. 8(a) shows the values of λFA for both the iden-
tically aligned fiber networks (solid points) and the net-
works with fibers aligned at 90◦ (hollow points), as a
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FIG. 5. (Color online) Eigenvalues of the simulated water
diffusion tensor as a function of fiber volume fraction, φ: the
solid circles are the LD simulation results for normalised lon-
gitudinal diffusivity, Dl/Do, and the solid lines are the cor-
responding cross sections of the 3d plot shown in Fig. 4(a);
the open circles represent normalised transverse diffusivity,
Dt/Do, calculated as the average of the two secondary eigen-
values. The small-dash lines are the corresponding cross sec-
tions of the 3d plot shown in Fig. 4(b). The size of the
symbols is approximately the typical 95% confidence interval.
(a) Results for networks of identically aligned fibers. The
red (large-dash) line is the transverse diffusivity modelled by
the Rayleigh multiple method (Eq. (6)). (b) Results for axi-
ally symmetric networks of fibers aligned at the magic angle
(cos−1(1/
√
3) ≈ 54.7◦). (c) Results for networks with fibers
oriented at 90◦ with respect to the z axis.
function of fiber volume fraction. The lines shown are
the corresponding cross-sections of the least-squares fit
shown in Fig 7. Here, the fractional anisotropy approx-
imately linearly increases with increasing fiber volume
fraction for both networks, however, the values of λFA
for the aligned case increase at a greater rate. Addition-
ally, a one dimensional linear LSF was performed on the
values of λFA for the identically aligned fiber networks,
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FIG. 6. Longitudinal and transverse diffusivity as a function
of fiber orientation for networks with fiber volume fractions
φ = 0.1, φ = 0.2, and φ = 0.3. The values correspond to
Eqs. (3) and (4). The solid lines are the values of Dl/Do and
the small-dashed lines are the values of Dt/Do. Also shown
is the average diffusivities (〈D〉 = 1
3
(Dl+2Dt)) which remain
at the same value at all orientations for a given fiber volume
fraction.
FIG. 7. (Color online) The fractional anisotropy, λFA, of the
simulated DT, as a function of both fiber volume fraction, φ,
and fiber orientation angle, θ. The surface is an expansion of
the λFA by the real spherical harmonics up to Re(Y
2
2 ). The
weights of the data points in the expansion were calculated
using the standard deviation of four separate simulation runs.
resulting in the equation:
λFA(A) = 0.43φ+ 0.001 (5)
The non-zero intercept results from noise as discussed
in section IV F.
The simulated values of λFA and the corresponding
least-squares fit surface values for networks with fibers
aligned at the magic angle are shown in Fig. 8(b). In
this plot, λFA approximately linearly increases with the
increasing fiber volume fraction. This effect is due to a
combination of statistical noise and fiber intersections, as
discussed below in section IV E.
Fig. 9 shows the cross-sections of the surface shown
in Fig. 7, corresponding to fiber volume fractions of 0.1,
0.2, 0.3 and 0.4, as a function of fiber orientation angle
FIG. 8. Fractional anisotropy, λFA, of the simulated diffu-
sion tensor as a function of fiber volume fraction, φ: (a) The
solid circles are the values of λFA for the identically aligned
regularly spaced fiber networks; the open circles are the val-
ues of λFA for the networks with fibers oriented at 90
◦ to
the longitudinal axis. The lines represent the corresponding
cross-sections of the 3d plot shown in Fig. 7. (b) Values of
λFA for the networks with the fibers oriented at the magic
angle and the line represents the corresponding cross-sections
of the 3d plot shown in Fig. 7. The error bars are calculated
as ∆λFA =
1
3
((σxx/2 〈Dxx〉)+(σyy/2 〈Dyy〉)+(σzz/2 〈Dzz〉)).
θ.
IV. DISCUSSION
A. Diffusion of water in restricted environments
In bulk water, the distribution of displacements of dif-
fusing water molecules is Gaussian and has a spherical
symmetry [27]. In isotropic environments where diffusion
is restricted (e.g. by macro-molecules with no particular
ordering) the amount of restriction is dependent upon
the volume fraction of the obstructing molecules.
In tissue such as brain white matter, muscle, eye lens
tissue or articular cartilage, diffusion is restricted in some
directions more than others due to anisotropic alignment
of the cells or fibers. In such situations, molecular dif-
fusion can be characterised by an anisotropic diffusion
tensor. In the case of brain white matter, the water
molecules diffuse both within the myelin sheaths and in
the surrounding tissue [2]. The corresponding diffusion
7FIG. 9. Cross-sections of the 3d plot shown in Fig. 7 showing
the fractional anisotropy as a function of fiber orientation for
fiber volume fractions 0.1, 0.2, 0.3 and 0.4. The values show
a similar θ dependency as the square of the second Legendre
polynomial (Eq. (7)).
tensor is a complex combination of the diffusion tensors
related to each of these compartments. AC fiber net-
works, on the other hand, are single-compartment, with
the water diffusing only in the interstitial volume [28].
The diffusion tensor corresponding to any 3D volume
contains information about the average diffusivity, the
degree of diffusion anisotropy, and the principal direc-
tions of the diffusion ellipsoid within that volume. In the
context of AC, the diffusion tensor is determined by the
collagen volume fraction, the average alignment of the
fibers, and the preferred direction of fiber alignment.
In the present study, the superficial zone of AC was
modelled by aligning the fibers with the transverse plane
as shown in Fig. 1. The middle, or transitional zone, was
modelled using fibers rotated in groups of four about the
+x, +y, −x and −y axis respectively in order to maintain
axial symmetry as shown in Fig. 1 (also see section II A).
The radial zone was modelled using identically aligned,
regularly spaced fibers.
B. Proteoglycans
Proteoglycans provide the osmotic retention of water
and enable the load-bearing mechanical properties of ar-
ticular cartilage [29, 30]. They are comprised of many
polyanionic polysaccharide chains covalently bonded to
a protein core, and are distributed throughout the in-
terstitial volume surrounding the collagen matrix. The
concentration of proteoglycans varies throughout the ar-
ticular cartilage from ∼ 4% near the articular surface to
∼ 7% in the radial zone [9]. Various nuclear magnetic
resonance studies indicate that the proteoglycan chains
do not have any anisotropic order and consequently have
no measurable effect on the fractional anisotropy of the
diffusion tensor of water [4, 5, 31, 32]. This is an impor-
tant observation as it implies that any anisotropy of the
diffusion tensor is exclusively due to structural anisotropy
of the collagen fiber network.
However, proteoglycans restrict water diffusion, reduc-
ing the RMS displacement of water molecules equally in
all directions. For example, a DTI study of water dif-
fusion in proteoglycan solutions found that as the con-
centration of proteoglycan aggregate was increased, the
effective diffusion coefficient was reduced [30]. In the
present study, proteoglycans were not modelled explic-
itly. Instead, the bulk water diffusion coefficient was
used as the basis for calculating the translational mo-
tion of the molecules. Although the proteoglycans do
not affect diffusion anisotropy, knowledge of their con-
centration is important for quantitative interpretation of
the experimentally measured DT in terms of both the
collagen fiber volume fraction and fiber alignment. This
is discussed further in Section IV G.
C. Total diffusion time
In spatially resolved diffusion tensor imaging of AC,
typical diffusion times (∆) range between 5ms and 30ms,
resulting in RMS water molecule displacements of be-
tween 3µm and 12µm [4]. As this is much larger than
the average separation between the collagen fibers, DTI
measurements in AC can be said to sample the asymp-
totic long-∆ diffusion tensor [17]. For shorter values of
∆, water molecules only diffuse a short distance com-
pared to the length-scale of the tissue structure. In this
regime the DT can possess a lower degree of anisotropy
than the long-∆ DT because the diffusing molecules have
an insufficient time to fully sample the fiber network [5].
Another factor affecting the time dependence of the DT
is the disorder correlation length with the onset of the
long-∆ regime occurring at smaller diffusion times for
more ordered structures [33].
To successfully model the local DT in cartilage, the
duration of the diffusion simulation must therefore be
large enough to allow the water molecules to sample a
sufficient number of collagen fibers. In the present study,
for networks with identically aligned fibers up to radius
of 65nm, and most partially aligned networks of fiber
radius 50nm, the diffusion time ∆ = 0.1ms was cho-
sen (0.2ps/step for 5× 108 steps), leading to an average
RMS displacement of (620±20)nm. All other structures
were simulated using a diffusion time of ∆ = 0.05ms
(0.2ps/step for 2.5 × 108 steps), resulting in an average
RMS displacement of (430± 30)nm.
Fig. 10 shows the time dependent longitudinal and
transverse diffusivities for both the identically aligned
fiber network of φ = 0.197, and the 45◦ fiber network
of φ = 0.214. The number of tracer molecules for each
simulation (Np ) was 10000, and the simulations were
run for 5× 109 steps with a time step of 0.2ps for a total
diffusion time of 1ms. The plots in Fig. 10 demonstrate
that the simulations of the present study (indicated by
the vertical dashed lines) sample the asymptotic long-∆
diffusion tensor.
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FIG. 10. (Color online) Time-dependent eigenvalues of the
diffusion tensor of water in model articular cartilage. The
solid and the hollow circles are the normalised longitudi-
nal (Dl/Do) and the transverse (Dt/Do) diffusivities, respec-
tively: (a) identically aligned fiber networks with a fiber vol-
ume fraction φ = 0.197. The red (large-dashed) line indicates
the diffusion time used to compute the diffusion tensors for the
aligned networks as shown in Section III. (b) Networks with
fibers oriented at 45◦ with a fiber volume fraction φ = 0.214.
The blue (small-dashed) line indicates the diffusion time used
in Fig. 5.
The statistical precision of the simulated DT eigen-
values is ∆Di/Do =
√
3/Np. For the ensemble size
Np = 10000, this was ±1.7%. We note that the trans-
verse eigenvalues, Dt/Do, exhibit an apparent growing
trend in the region ∆ = 0.01ms to 1ms in both parts
of Fig. 10. The variation of Dt/Do in this range of
∆ is within ±1.7%, and the apparent trend is therefore
of marginal statistical significance. It can be attributed
to fluctuations of the fiber density within the simulation
volume - an unavoidable artefact of the fiber network
construction method described in Section II A. It is also
possible that an accumulation of numerical errors may
affect the results in the limit of very long ∆. Investiga-
tion of this possibility and comparison of Monte Carlo
and Langevin dynamics are being undertaken currently.
D. Identically aligned fiber networks
Diffusion of water in identically aligned networks of
cylinders has been the subject of theoretical [7], Monte-
Carlo numerical [7, 17], and experimental DTI studies
[34]. In addition to partially aligned networks, diffusion
in identically aligned networks was also simulated in the
present study. This was to enable validation of the model
design and simulation parameters, and also expand on
the results of previous studies.
Fig. 5(a) shows both the longitudinal diffusivity,
Dl/Do, and transverse diffusivity, Dt/Do, for networks of
regularly spaced and identically aligned fibers, with the
collagen volume fraction of the networks ranging from
0.09 to 0.5. This plot shows that Dl/Do remains ap-
proximately the same for all aligned networks, whereas
Dt/Do approximately linearly decreases with increasing
fiber volume fraction.
The values of Dl/Do are close to 1 for all aligned net-
works as both the free and bound water molecules do
not experience obstructions in the longitudinal direction.
This is because the calculation of the water/ fiber inter-
action forces in the LD simulations are directed normal to
each fiber axis, and therefore even strongly bound water
molecules are free to translate in the longitudinal direc-
tion unimpeded. This unobstructed longitudinal diffusiv-
ity in aligned fiber networks has been shown analytically
[35], in other numerical studies [14, 34] and experimen-
tally in DTI measurements of diffusion in aligned cylin-
drical polyethylene fibers [34].
The decreasing transverse diffusivity shown in Fig.
5(a) is due to an increase in transverse obstruction which
increases when the collagen fibers are thicker. A linear
least squares fit to the simulated transverse diffusivity,
Dt/Do, resulted in the equation, Dt/Do = −0.6φ+0.963.
This is similar to the result observed by Johannesson
and Halle, [7], who performed random-flight particle sim-
ulations in a square array of cylinders. In the same pa-
per, they demonstrated the applicability of the multipole
method developed by Lord Rayleigh in 1892 [36], which
gives for the normalised transverse diffusivity:
Dt
Do
=
1
1− φ
(
1− 2φ
1 + φ− 0.3058φ4
)
(6)
The large-dashed line in Fig. 5(a) shows the values
of Eq. (6) for φ < 0.5 and is an excellent match to the
results of transverse diffusivity in aligned fiber networks
from the simulations of the present study.
The increase in transverse obstruction is also demon-
strated as an increase in the fractional anisotropy of the
DT shown in Fig. 8(a). A least-squares fit of a lin-
ear function to the simulation results gave λFA(A) =
0.43φ+ 0.001 (Eq. (5)). This is comparable to the result
from Monte-Carlo simulations, which found λFA(A) =
0.5066φ+ 0.0046 [17]. Also, experimental DTI measure-
ments of parallel cylindrical polyethylene fibers were per-
formed by Fieremans et al, and a similar linear increase
in λFA for volume fractions up to φ = 0.55 was observed
of λFA(A) = 0.46φ+ 0.01 [34].
These identically aligned model fiber networks are use-
ful for interpreting DTI measurements in the radial zone
9of AC, where the fibers are predominantly oriented per-
pendicular to the articular surface (see Fig. 1). The
approximation of perfect alignment is commonly used to
interpret experimental DTI measurements of the radial
zone in AC, and corresponds to the largest possible λFA
for a given fiber volume fraction [17]. There is evidence
however, that there exists some degree of fiber disorder
in this zone [37, 38]. In this case, and in the case of the
other regions of AC, fiber disorder must be taken into
account when interpreting the value of the λFA.
E. Partially aligned fiber networks
As alignment disorder is introduced into the fiber
networks, two mechanisms combine to reduce diffusion
anisotropy. First, obstructions to longitudinal diffusion
are introduced by the tilted fibers, leading to a reduction
in the longitudinal diffusivity. This reduction is evident
from Fig. 4(a) and increases as the fiber tilt angle is
increased. The second mechanism involves the interac-
tions between the fiber surface and the diffusing water
molecules. As discussed earlier, the force vector result-
ing from interactions between a given water molecule and
a fiber surface, Fc, is directed normal to the fiber axis.
This means diffusing water molecules will experience a
maximum obstructive effect along the direction of this
vector. Maximum transverse obstruction will occur when
this force vector is aligned with the transverse plane (as
in the case of the identically aligned networks). Likewise,
maximum longitudinal obstruction will occur when Fc is
aligned with the longitudinal axis (as in the case of the
networks with fibers oriented at 90◦). For the partially
aligned networks, the transverse component of Fc scales
as Fxy = Fc cos θ where θ is the fiber orientation angle.
This variation in the obstructive effect due to partially
aligned fibers is demonstrated in the simulation results
for transverse diffusivity seen in Fig. 4(b).
In addition to being modulated by structural
anisotropy, transverse and longitudinal diffusivity is also
sensitive to fiber volume fraction. This is seen from Fig.
6 where the slopes of both the Dl and Dt plots are larger
for larger fiber volume fractions. Also shown here are the
corresponding average diffusivities (large dashed lines)
which are smaller for larger fiber volume fractions but
remain approximately constant for a given fiber volume
fraction.
In the case of the identically aligned fiber networks,
longitudinal diffusivity Dl is greater than the transverse
diffusivity Dt for all fiber volume fractions as shown in
Fig. 6. As the fiber disorder is increased (0 < θ < θMA),
Dl and Dt begin to converge, and become equal when
θ ≈ θMA (see Fig. 5b and 6). For fiber orientation an-
gles θ > θMA, the order of Dl and Dt is the opposite of
the identically aligned case (i.e. Dt > Dl). These three
cases, which are shown in Fig. 5(a), (b) and (c) corre-
spond to prolate, spherical and oblate diffusion ellipsoids,
respectively.
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FIG. 11. Solid line: value of θ where Dl = Dt; the location
of the apparently isotropic DT. The dashed line is the magic
angle.
As discussed earlier, the alignment of the fibers in the
90◦ networks is fundamentally different from the iden-
tically aligned case. In the 90◦ aligned case, there are
no directions in which the water molecules can diffuse
unimpeded (see Fig. 5(c)). The orientation of the fibers
in this network is similar to the superficial zone of AC
[39]. This is reflected in Fig. 5(c) where in addition to
the decrease in Dt, Dl also decreases with increasing fiber
volume fraction.
For networks with fibers oriented at the magic angle,
Dl and Dt are approximately equal for all fiber volume
fractions as seen in Fig. 5(b). This situation corresponds
to the case of isotropic diffusion, and occurs when the
fibers cause identical obstructions to diffusion in every
direction [38, 39]. Fig. 6, however, indicates that the
exact angle where this occurs is not the same for all fiber
volume fractions: the orientation of the fibers, θ, at which
Dl = Dt, tends to be larger at smaller fiber volume frac-
tions. This is demonstrated in Fig. 11, which shows the
value of θ where Dl = Dt for each fiber volume fraction.
It can also be thought of as the line of intersection of the
3d plots shown in Fig. 4(a) and 4(b). Fig. 11 shows
that as the fiber volume fraction is increased, the value
of θ corresponding to the apparent isotropy of the DT
approaches the magic angle. As this curve represents the
intersections of the LSF surfaces of Dl and Dt (Fig. 4(a)
and (b)), it is ultimately sensitive to the uncertainties in
the DT. This means localising the region of maximum
fiber disorder in DTI measurements of AC (correspond-
ing to measurements of minimum diffusion anisotropy) is
similarly sensitive to the local fiber volume fraction.
The value of fractional anisotropy is invariant to the
value of Do and therefore the proteoglycan content
[4, 5, 31, 32]. However, λFA alone is insufficient for deter-
mining the collagen fiber alignment unambiguously. This
is seen in Fig. 7, where each value of λFA corresponds
to a range of fiber volume fractions and fiber orientation
combinations. Therefore, in order to narrow down the
value of θ, specific knowledge of fiber volume fraction is
required. Furthermore, even when the fiber volume frac-
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FIG. 12. (Color online) Contour plot of the least-squares fit
surface shown in Fig. 7 for various values of λFA as a function
of θ and φ. Under the assumption of perfect alignment, ap-
plied to the radial zone of AC, the value of φ for a given λFA is
its respective value at θ = 0. The dashed curve indicates the
amount of network disorder allowed for a given λFA, before φ
deviates from its θ = 0 value by φ± 0.05.
tion is known, many situations exist where a given value
of λFA corresponds to two possible values of θ. This sit-
uation, however, can be removed by using the full DT
which can identify if the fibers are oriented at angles less
or greater than the magic angle.
The assumption of perfect fiber alignment is approxi-
mately applicable to the radial zone of AC. However, the
use of this assumption in the interpretation of the DT
can result in biased values of φ because some degree of
disorder is present in the radial zone [11]. Fig. 12 shows
the sensitivity of the apparent fiber volume fraction to
fiber disorder for a given value of λFA. The dashed line
indicates the maximum value of θ for a given λFA, before
the fiber volume fraction, φ, varies by an amount greater
than 0.025. This suggests that smaller values of λFA are
insensitive to θ and only sensitive to φ. For example, an
experimental DTI measurements of bovine patellar car-
tilage gave a value of λFA ≈ 0.07 in the radial zone (after
the subtraction of λFA(noise) ≈ 0.05) [11]. Using the per-
fect alignment approximation, and the results shown in
Fig. 8(a), this value of λFA corresponds to a fiber volume
fraction of 0.14 ± 0.02. Comparison of this with the re-
sults shown in Fig. 12 demonstrates that for this value of
λFA, the assumption of perfect alignment is appropriate,
even allowing for substantial fiber disorder (∆φ < 0.025
for θ up to approximately 22.5◦ for λFA ≈ 0.07).
Fig. 9 shows the cross-sections of the 3d plot shown
in Fig. 7 for four different values of φ. This indicates
that for any given φ within the range examined in the
present study (0 < φ < 0.5), λFA follows a θ dependence
similar to the square of the second Legendre polynomial
number of fiber intersections
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FIG. 13. λFA at the magic angle plotted vs the number of
intersections for AC networks with fiber radii of: (a) 40nm,
(b) 50nm, (c) 55nm, (d) 60nm, (e) 70nm and (f) 80nm.
of cos(θ):
λFA = A
(
3 cos2 θ − 1
2
)2
+ λFA(noise) (7)
where A depends on φ, and λFA(noise) is statistical
noise as shown below in Eq. (8).
Fig. 9 shows that the value of the minimum λFA
(λFA(min)) increases with increasing fiber volume frac-
tion. This increase is also shown in Fig. 8(b). This
dependence of λFA(min) on φ is due to two distinct mech-
anisms: (1) λFA(noise), which is a function of the average
diffusivity, 〈D(φ)〉, and (2) the anisotropic distribution of
fiber intersections which are due to the method of fiber
network construction used in the LD simulations (see sec-
tion II A).
The noise component of λFA can be estimated as [22]:
λFA(noise) =
√
3
2
∆D(Np)
〈D(φ)〉 (8)
where ∆D(Np) is the standard deviation of the diffu-
sion tensor eigenvalues due to the finite number of water
molecules (and measurement noise in the case of experi-
mental DTI), and 〈D(φ)〉 is the average diffusivity for a
given value of φ. Fig. 6 shows that the value of 〈D(φ)〉
decreases with increasing φ. ∆D(Np) on the other hand,
depends only on the number of tracer particles and is
invariant to φ. This means that as the fiber volume
fraction, φ, increases, so does the value of λFA(noise).
The magnitude of this increase, however, is insufficient
to completely explain the magnitude of the dependence
of λFA(min) on φ seen in Fig. 8(b).
The largest contributor to the dependence of λFA(min)
on φ seen in Fig. 8(b), is additional anisotropy due to
the presence of fiber intersections. The number of in-
tersections is greater at the larger values of fiber vol-
ume fraction. In the case of isotropic fiber networks with
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non-intersecting fibers, obstruction is the same in all di-
rections and the only non-zero anisotropy is due to noise
as shown in Eq. (8). In the actual fiber networks used
in the present study, fiber intersections were unavoidable
and were randomly distributed throughout the simula-
tion volume (see section II A). These intersections in-
troduced additional diffusion anisotropy as illustrated in
Fig. 13 which demonstrates the significance of the non-
isotropic distribution of fiber intersections on λFA.
F. Simplified analytical model
As discussed in section IV D, the multipole model (Eq.
(6) and the long-dashed line in Fig. 5(a)) is a good pre-
dictor of Dt for a square lattice of identically aligned
fibers for volume fractions up to 0.6 [7]. Combining
this with the observation that in aligned fiber networks
Dl/Do = 1, the diffusion tensor for a square lattice of
fibers aligned with the longitudinal axis, DA(φ), can be
analytically produced.
The corresponding diffusion tensor for fibers that are
not aligned with the longitudinal axis can be produced
by performing a unitary rotation of the longitudinally
aligned fiber diffusion tensor DA(φ) by the desired set of
Euler angles (α, β, γ). The diffusion tensor for networks
with fibers at many different orientations can then be
approximately estimated by integrating over the relevant
Euler angles:
D′ ≈
∫ ∫ ∫
P (α, β, γ) · U†αβγDA(φ)Uαβγdαdβdγ (9)
where P (α, β, γ) is the probability density of fibers
having the orientation given by Euler angles α, β, γ; Uαβγ
is the corresponding unitary rotation matrix, and DA(φ)
is the diffusion tensor corresponding to longitudinally
aligned fibers of the desired fiber volume fraction, φ.
Eq. (10) shows the result of applying Eq. (9) to an
axially symmetric network of fibers with a given value of θ
(α = 0..2pi;β = θ and γ = 0). In this expression, Dl is the
longitudinal diffusivity of the aligned fiber network, and
is invariant to φ (Dl/Do = 1). Dt(φ) is the transverse
diffusivity of the aligned fiber network as a function of φ
and can be analytically produced using Eq. (6).
D(φ, θ) =
 12 (Dt(φ) +Dt(φ) cos2 θ +Dl sin2 θ) 0 00 12 (Dt(φ) +Dt(φ) cos2 θ +Dl sin2 θ) 0
0 0 Dt(φ) sin
2 θ +Dl cos
2 θ
 (10)
Fig. 14(a) shows the values of λFA corresponding to
the eigenvalues of Eq. (10) for 0◦ < θ < 90◦ and φ = 0.1,
0.2, 0.3, and 0.4. In this plot, the value of λFA(min) = 0
for all φ, which corresponds to an idealised situation
where Np → ∞. In actual ensemble-based simulations,
where Np is finite, λFA > 0 even in isotropic media due to
the standard deviations of the DT eigenvalues behaving
as 1/
√
Np [17, 22, 40]. This results in the “isotropic” λFA
also behaving as 1/
√
Np; we call this lower limit of the
simulated value of fractional anisotropy λFA(noise). This
behaviour can be seen in Figs. 7, 8 and 9. Similar be-
haviour is observed in experimental DTI measurements
as a consequence of the finite signal-to-noise ratio: Ex-
perimentally measured fractional anisotropy of the DT
in isotropic saline is usually in the range 0.01− 0.05 [4].
λFA(real)(φ), therefore, represents the ”real” fractional
anisotropy corresponding to both the simulated and ex-
perimental diffusion tensors, and can be considered as a
combination of both λFA(ideal) and λFA(noise):
λFA(real)(φ, θ)
2 = λFA(ideal)(φ, θ)
2 +λFA(noise)(φ)
2 (11)
By using Eq. (10) to estimate the values of
λFA(ideal)(φ, θ), and Eq. (8) to estimate the values of
λFA(noise)(φ), an analytical estimate for λFA(real)(φ, θ)
can be calculated using Eq. (11). This is shown in Fig.
14(b) for 0◦ < θ < 90◦ and φ = 0.2 and φ = 0.4 as the
large dashed lines, along with the corresponding values of
λFA(ideal)(φ, θ). Also shown for comparison are the val-
ues of λFA(real)(φ, θ) from the LD simulations performed
in this study (solid lines).
G. Interpretation
Experimental DTI measurements of AC produce
λFA(real). As indicated in Eq. (11), this value is a com-
bination of the anisotropy of the DT caused by the col-
lagen fibers (λFA(ideal)(φ, θ)), and the anisotropy caused
by noise (λFA(noise)(φ)). In order to use theoretical mod-
els to interpret experimental measurements of fractional
anisotropy in AC, the associated noise, λFA(noise)(φ),
must be subtracted from the measured λFA value. In the
case of experimental DTI measurements, λFA(noise)(φ)
can be estimated as the λFA in a region of the tissue
considered isotropic. For example, a recent study of dif-
fusion in bovine articular cartilage measured λFA ≈ 0.07
in the superficial zone, λFA(min) ≈ 0.05 in the transi-
tional zone and λFA ≈ 0.12 in the radial zone [11]. As
the transitional zone is considered as the region of maxi-
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FIG. 14. (Color online) (a) λFA as a function of θ approxi-
mated using Eq. (10) for fiber volume fractions of 0.1, 0.2,
0.3, and 0.4. Dl and Dt used in Eq. (10) were computed
using the Rayleigh multipole method (Eq. (6)). In all cases,
λFA = 0 at the magic angle. (b) λFA of ”noisy” diffusion
tensors as a function of θ for fiber volume fractions of 0.2
and 0.4: the solid line represents λFA from the LD simula-
tions of the present study; the small dashed line represents
the values of λFA(ideal) estimated from the eigenvalues of the
DT estimated using Eq. (10); the large-dashed lines are the
values of λFA(real) estimated using Eq. (11), with the value of
λFA(noise) computed using the same ensemble size and fiber
volume fractions as the corresponding LD simulations.
mum fiber disorder, the measured value λFA(min) ≈ 0.05
can be considered to be due to noise. The correspond-
ing values of λFA(ideal) in the superficial and radial zones
can therefore be estimated as 0.02 and 0.07, respectively.
By comparing these values with λFA(ideal) from the sim-
plified analytical model shown in Fig. 14(a), the fiber
volume fraction can be estimated as φ ≈ 0.1 in the su-
perficial zone (θ = 90◦), and φ ≈ 0.16 in the radial zone
(θ = 0◦).
This method of estimating fiber volume fraction, φ, is
only applicable in the ”classical” superficial and radial
zones, where appropriate assumptions of fiber alignment
can be made [39]. As discussed earlier, realistic assump-
tions of fiber alignment in some regions of AC cannot
be made, particularly when considering the changes to
fiber alignment in AC which occurs under mechanical
load [41]. Given the combined effects of both φ and θ
on the values of λFA as shown in Fig. 7, quantitative in-
terpretation of experimental DT measurements in terms
of tissue microstructure is limited. A possible method to
remove this limitation is to use, in combination with the
DTI measurements, another magnetic resonance imag-
ing modality such as T1 mapping. As T1 has been shown
to be sensitive to proteoglycan concentration [42, 43],
an appropriate calibration model could be developed to
relate measurements of T1 to specific concentrations of
proteoglycan throughout the AC. As both the proteogly-
cans and the collagen fibers restrict molecular diffusion,
knowledge of the proteoglycan concentration can then be
used to determine the collagen volume fraction in any re-
gion of the AC. Once the collagen fiber volume fraction
is known, quantitative determination of fiber alignment
can then be determined for any region of the AC using
the models developed in this study.
The results of the present study are generalisable to
other networks of packed impermeable cylinders [7, 14,
33], subject to the appropriate rescaling of the spatial and
temporal variables and maintaining the long-∆ regime.
The models developed could be extended to aid in in-
vestigations of muscle fibers, neural fibers, and other
anisotropic tissue, with the appropriate modifications
performed to take into account intracellular diffusion and
chemical exchange between intra- and extra-cellular com-
partments.
H. Conclusion
In this study, we developed a Langevin dynamics
model of diffusion in articular cartilage to investigate the
effects of collagen volume fraction and fiber alignment
on the diffusion tensor of water. Langevin dynamics was
used to model translational diffusion of water molecules
in the presence of interactions with collagen fibers and
proteoglycans. Simulations of water diffusion in fiber net-
works of AC were performed for a range of fiber volume
fractions and degrees of alignment disorder. We also de-
veloped an analytical approach for estimating the diffu-
sion tensor of water corresponding to volumes containing
partially aligned cylindrical obstructions.
The interpretive models developed in this study re-
late measurements of diffusion anisotropy to microstruc-
tural characteristics such as fiber volume fraction and
fiber orientation. The results demonstrate that fractional
anisotropy follows a dependence on fiber alignment sim-
ilar to the square of the second Legendre polynomial,
with minimum anisotropy occurring at approximately
the magic angle. Additionally, longitudinal diffusivity
was shown to decrease as the fibers were oriented away
from the longitudinal direction; at the same time, trans-
verse diffusivity was shown to increase. It was also found
that each measured λFA related to a range of valid colla-
gen volume fraction/fiber orientation combinations. Spe-
cific determination of the tissue micro structure therefore
requires knowledge, in addition to λFA, of either fiber
orientation or relevant biopolymer concentrations within
the tissue. This information could be accessed exper-
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imentally from T1, T2 or T1ρ maps, or a combination
thereof.
Appendix: Theory
1. Langevin Dynamics
Water diffusion is the stochastic translational motion
of water molecules driven by their thermal energy (Brow-
nian motion) [44]. This seemingly random motion arises
from instabilities in the evolving many-body system, and
is commonly simulated using stochastic dynamics meth-
ods such as Monte-Carlo or Langevin dynamics. In
this study, molecular motion was modelled using the
Langevin equation:
m
d2r
dt2
= −∇Uc − β dr
dt
+ γ(t) (A.1)
This stochastic differential equation describes the net
force acting on each water molecule as the sum of three
different forces: (1) a quasi-randomly directed force
arising from interactions with the surrounding water
molecules, γ(t), (2) a deterministic external force, −∇Uc,
and (3) a hydrodynamic friction force, −β dr/dt. Numer-
ical integration of this equation was used in the simula-
tions to compute molecular displacements.
The integration time step, ∆t, was chosen to be greater
than the velocity autocorrelation time of water (VACT
≈ 150fs [45]). As a result, the quasi-random force, γ(t),
can be considered uncorrelated with its value in previous
times steps and with the current direction of the conser-
vative force, Fc:
〈γ(t−∆t) · γ(t)〉 = 0 : ∆t 6= 0 (A.2)
〈γ(t) · Fc(t)〉 = 0 (A.3)
In the absence of the quasi-random force, γ(t), the only
forces experienced by a water molecule in a potential are
due to the potential itself, and the associated hydrody-
namic friction force. As ∆t >> VACT, the molecule
will almost immediately reach its terminal velocity within
each time step. Consequently, for most of the time step,
∆t, the conservative force can be considered to balance
the friction force:
Fc = 6piηR
dr
dt
(A.4)
where η is the viscosity of the surrounding medium, R is
the Stokes radius of the water molecule, and dr/dt is its
velocity. We note that the condition ∆t >> VACT is not
an approximation and therefore does not serve as a source
of systematic error in the LD simulations presented. The
physical diffusion process is not divided into time steps;
rather, the time-dependent quantities γ(t),Fc(t) and r(t)
are subject to continuous stochastic change. The condi-
tion ∆t >> VACT reflects the physical reality of this
process in that the hydrodynamic friction force balances
the conservative force at any given time t, not just at
the end of fictitious time steps. Integration of Eq. (A.4)
results in an expression for the displacement due to con-
servative and friction forces:
∆rc = Fc
∆t
6piηR
(A.5)
In the presence of the quasi-random force, the water
molecule undergoes a randomly directed step of fixed
length. The magnitude of the step is a function of the
integration time, ∆t, and the empirical diffusion coeffi-
cient of water molecules in bulk water, Do, defined via
the Einstein relation:
∆rr = ξ
√
6Do∆t (A.6)
where ξ is a unit vector with an uncorrelated random
direction chosen for each time step.
As a consequence, the displacement of water molecules
due to the randomly directed force and its associated
friction, ∆rr(t), and the displacement due to the con-
servative force and its associated friction, ∆rc(t) can be
independently calculated. These two displacements can
then be combined to produce the net displacement during
the time interval ∆t:
∆r = ∆rr(∆t) + ∆rc(∆t) (A.7)
The typical magnitude of ∆r corresponding to ∆t =
0.2ps was 0.5A˚ to 1A˚, depending on the proximity of
the tracer molecule to a fiber. This step size was several
orders of magnitude smaller than fiber diameter but com-
parable to the length scale of the van der Waals potential
from a given fiber (see Appendix 2).
2. Course-grained fiber model
The model collagen fibers used in this study were based
on a molecular model of a synthetic collagen-like model
peptide T3-785 containing a segment of human type III
collagen (PDB Id:1BKV [46]). The sequence used con-
tained the atom types and locations for an 8nm long
triple helical structure. This collagen segment was then
assembled into the outer layer of a partial cylinder for use
in determining the force field parameters for the course-
grained fiber model. The assembly process involved ver-
tically stacking these segments to form long fibrils which
were then placed next to each other to form the cylindri-
cal surface of the required radius.
The potential energy of a H2O molecule near a fiber
was modelled as a pair-wise sum of Lennard-Jones-like
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potentials describing the interaction between the water
molecule and each atom on the surface of the fiber:
Vi =
N∑
j=1
(
4ε
[(
σij
rij
)12
−
(
σij
rij
)6])
(A.8)
where Vi is the potential energy of molecule i, ε is the
LJ parameter for energy between water molecule i and
fiber atom j, σij is the LJ distance parameter, and rij
is the separation between the water molecule i and the
fiber atom j.
The values of σij for each of the pair-wise interactions
were calculated using their respective van der Walls radii
(vdW) [47]:
σij =
(rvdWH2O + rvdWj )
21/6
(A.9)
where rvdWH2O = 1.41 × 10−10m is the effective vdW
radius of water [48]. The value for ε was taken as the
energy representing the O · · · O interactions from the
SPC water model (0.1554kcal/mol [49]).
The value of Vi was calculated for a series of paths
directed toward the fiber axis. Each path extended ap-
proximately 5nm from the fiber wall and had different z
locations. These results were then averaged and a least
squares fit of this data was performed to a Lennard-
Jones function for use in the course-grained fiber model
(ε = 4.017kJmol−1 and σ = 6.892A˚).
It is advantageous to carry out an error analysis of the
LD simulations presented. The random error of the simu-
lated DT eigenvalues behaves in a way identical to Monte
Carlo DT simulations [17]. It is controlled by the ensem-
ble size (NP ): the relative uncertainty of diffusivities is
∆Ds/Do =
√
3/Np. The principal source of systematic
error is the assumption that the conservative force re-
mains constant throughout the time step (see Eq. A.4).
In the first order of approximation, this leads to the fol-
lowing systematic error of the simulated diffusivities:
∆Ds =
√
2Do
2(6piηR)2
∆t5/2
NT∆t
〈
NT∑
i=1
NT∑
j=1
ξis(∂sFjs)Fjs
〉
+ 22(6piηR)3
∆t3
NT∆t
〈
NT∑
i=1
NT∑
j=1
Fis(∂sFjs)Fjs
〉
+ 14(6piηR)2
∆t4
NT∆t
〈
NT∑
i=1
NT∑
j=1
(∂sFis)Fis(∂sFjs)Fjs
〉
where NT is the number of time steps in the simula-
tion; s = x, y or z; ξi is the unit vector corresponding to
the direction of the random force in time step i; Fi is the
conservative force in time step i; ∂sFis is the derivative
of the s-th component of Fi with respect to the coordi-
nate s; and the averaging < ... > is performed over the
ensemble. For a fixed total diffusion time t = NT∆t,
the three terms in Eq. (A.10) grow with the time step
size as O(∆t), O(∆t), and O(∆t2), respectively. Under
the simulation conditions used, only the first term was
significant; therefore for a fixed total t the systematic er-
ror can be expected to be proportional to ∆t. For the
simulation parameters described in Section II, the typi-
cal systematic error ∆Ds/Do was 0.1%, well below the
statistical error of 1.7%.
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